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‘Steady flows of a f l u i d  of s l i gh t  e l e c t r i c a l  conductivity under the inf lu-  

ence of an applied e l e c t r i c  f i e l d  in tens i ty  are often unstable. A study i s  

described t o  i l l u s t r a t e  w i t h  experiments and an ana ly t ica l  model the  funda- 

mental aspects of a wide range of i n s t a b i l i t i e s  t h a t  are characterized by 

the incipience of steady ce l lu l a r  convection as the e l e c t r i c  Hartmann number 

He = EE/ \ /pU i s  on the order of unity (E  i s  t h e  permit t ivi ty ,  E the imposed 

e l e c t r i c  f i e l d  in tens i ty ,  1-I the  v iscos i ty ,  and U the e l e c t r i c a l  conductivity). 

A nonuniform e l e c t r i c  f i e l d  i s  used t o  induce an unstable configuration of 

surface charge and e l e c t r i c  f i e l d  in tens i ty  a t  a planar interface.  The resu l t -  

ing i n s t a b i l i t y  leads t o  ce l lu l a r  convection i n  the plane of the  interface. 

Predictions of t h e  e l e c t r i c  Hartmann number and wavelength f o r  incipience of 

i n s t a b i l i t y  compare favorably t o  measurements. The dependence of the  measured 

ce l lu l a r  convection veloci ty ,  resul t ing from the i n s t a b i l i t y ,  on e l e c t r i c  

Hartmann number and e l e c t r i c  Reynolds number are also i n  sa t i s fac tory  agree- 

ment with the predictions from the simple model. 
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I. IMTRODUCTION 

A. Background 

The h is tory  of f l u i d  mechanics amply i l l u s t r a t e s  t ha t  the physical 

significance of a steady flow cannot be fu l ly  appreciated without examining 

i t s  s t a b i l i t y .  There i s  considerable empirical evidence t h a t  electrohydro- 

dynamic flows, f o r  example i n  pumps and generators, o r  i n  image-processing 

devices involving e l e c t r i c  f i e lds  and f lu ids ,  a r e  even more l i ke ly  t o  be 

unstable than ordinary steady flows. This i s  i l l u s t r a t e d  by the state of 

fine-scale turbulence often found as a f lu id  volume i s  s t ressed by elec- 

t r i c  f i e lds ,  even i n  the  absence of a mean f l a w .  The relat ionship between 

laminar and turbulent electrohydrodynamic flows does not appear t o  be a 

simple extension of the physics of c l a s s i c  hydrodynamics. 

There i s  an extensive l i t e r a t u r e  of classes of electrohydrodynamic 

i n s t a b i l i t y ,  largely at in te r faces ,  t h a t  do not involve the e l e c t r i c a l  con- 

duction process. By contrast ,  few problems of electrohydrodynamic insta-  

b i l i t y  where conduction i s  important have been brought t o  a r a t iona l  state 

because they are often fraught with d i f f i c u l t i e s  i n  reproducibil i ty,  and 

because the  dependence on the par t icu lars  of t he  conduction process can 

render a given r e su l t  of l i m i t e d  general value. 

It i s  not our objective t o  give a review of electrohydrodynamic s t a b i l i t y  ~ 

problems, but ra ther  t o  use a par t icu lar  physical s i tua t ion  as an i l l u s t r a -  

t i o n  of the physical considerations which, through current findings , appear 

t o  be common t o  a wide class  of ins tab i l i t i es .  The steady flow configura- 

t i on  involves an e l e c t r i c a l  pumping of a l iqu id ,  i n  our case through the 

agent of e l e c t r i c a l  i n t e r f a c i a l  shear stresses. 

An example of such pumping i s  Taylor's (1966) ce l lu l a r  convection in te r -  

i o r  and ex ter ior  t o  a l iqu id  drop immersed i n  a second l i q u i d  stressed by an 
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e l e c t r i c  f i e ld .  Similar ce l lu l a r  convection induced by stresses from a 

nonuniform imposed f i e l d  at a plane interface are  investigated by Smith and 

Melcher (1967). 

s i c a l  mechanisms f o r  t h e i r  i n s t a b i l i t y  serves as background f o r  t he  follow- 

A review re l a t ing  la rge ly  t o  t h i s  c lass  of flows and phy- 

ing developments (Melcher & Taylor 19691, including s tudies  of a s i m i l a r  

i n s t a b i l i t y  (Malkus & Veronis 1961) 

We wish t o  highlight three fundamental ingredients of electroconvec- 

t i v e  i n s t a b i l i t i e s :  

i. The configuration of charge density and e l e c t r i c  f i e l d  in t ens i ty  

required t o  give rise t o  the  in s t ab i l i t y .  This i s  the  electrohy- 

drodynamic analogue of t he  grav i ta t iona l  i n s t a b i l i t y  involving a 

layer  of l iqu id  supported by a less dense layer.  This configura- 

t i on  i s  i l l u s t r a t e d  schematically i n  Fig. 1 f o r  a one-dimensional 

dependence of t h e  charge density q on the coordinate x. The con- 

f igurat ion i s  poten t ia l ly  unstable i f  at some point 

ExDq < 0 (1) 

where Ex i s  the  x component of t h e  e l e c t r i c  f i e l d  in t ens i ty  and Dq 3 

dq/dx. The i n s t a b i l i t y  condition of Eq. (1) i s  discussed by Turnbull 

and Melcher (1969) f o r  the  l i m i t  i n  which the e f f ec t s  of e l e c t r i c a l  

conduction cannot be ignored. This leads t o  a second e s sen t i a l  

consideration. 

The ro l e  of charge relaxation i n  sustaining the unstable configura- 

t i on  of charge and f i e l d  i n  the  face of charge convection. In  an 

Ohmic conductor, the free charge tends t o  re lax w i t h  the  t i m e  con- 

s t an t  E/U, where E i s  the  permit t ivi ty  and U the  e l e c t r i c a l  conduc- 

t i v i t y .  Thus, e f f ec t s  of material convection i n  determining the 

ii. 
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X 

Fig. 1 I l l u s t r a t i o n  of an unstable configuration of charge density q(x) 

and e l e c t r i c  field i n t e n s i t y  Ex(.). 
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dis t r ibu t ion  of' charge as given by Eq. (1) are i n  proportion t o  the 

r a t i o  of a t ransport  t i m e  U / b ,  ( U  and b respectively being the 

charac te r i s t ic  veloci ty  and length) t o  the  relaxation t i m e .  This 

r a t i o  i s  the  e l e c t r i c  R e  

Re = EU/Ob (2 1 

Elect roconve c t  ive i n s t a b i l i t i e s  are characterized by an appreciable 

e f fec t  of convection on the  charge d is t r ibu t ion;  i ,e .  , an appreciable 

Re" e convection required f o r  i n s t a b i l i t y  

i s  a matter of t h e  competition between viscous and e l e c t r i c a l  stresses 

What const i tutes  "appreciable" convection depends on t h e  t h i r d  con- 

s i deration ; 

However, the  degree of ch 

iii. The r a t i o  of the e l e c t r i c a l  stress acting on the convected charge t o  

t h e  viscous s t r e s s .  I n  an Ohmic Newtonian f lu id ,  an indication of t h i s  

r a t i o  is  the  e l e c t r i c  Hartmann number 

HE = EE/& (3) 

where i s  the dynamic viscosi ty .  Even though the e f f ec t s  of material 

convection on the charge d is t r ibu t ion  may be small (Re i s  s m a l l  com- 

pared t o  uni ty)  the viscous retarding forces can be equally s m a l l .  

The e l e c t r i c  Hartmann number thus indicates the conditions f o r  incipi-  

ent i n s t a b i l i t y  by comparing the e l e c t r i c  s t r e s s  acting on the convec- 

t e d  charge t o  the viscous retarding stress. 

It i s  the objective of the  following sections t o  i l l u s t r a t e  these three 

aspects of electroconvective i n s t a b i l i t y  w i t h  a case study tha t  i s  eas i ly  pro- 

duced and reproduced i n  experiments t h a t  give a c l ea r  visual izat ion of t he  

f l u i d  motions. These objectives are m e t  by developing a re la t ive ly  simple model 

fo r  t h e  incipience of t h e  i n s t a b i l i t y  and f o r  t h e  steady convection a r i s ing  from 
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t h e  i n s t a b i l i t y .  The model involves many judicious approximations made 

t o  avoid complexity which would obscure the basic  mechanisms involved, but 

nevertheless r e t a ins  the e s sen t i a l  features  of the  interaction. 

B, Phenomenon 

F i r s t  consider the steady flow, Figure 2a shows a cross-sectional 

view of a layer  of s l i g h t l y  conducting l i qu id  res t ing  on s t r i p  electrodes 

a l te rna te ly  having the  p o t e n t i d s  V/2 and -V/2. 

conducting ( typ ica l ly  corn o i l ) ,  the  l iqu id  i s  nevertheless much more con- 

ducting than the  a i r  above. A t  least, according t o  an Ohmic conduction 

model, there  i s  no space charge developed i n  the l i qu id  bulk. However, 

charges are induced on the in te r face  and, as sketched in  Fig. 2a, these have 

the same sign as those on the  nearest electrode. In  consequence, there  i s  

an e l e c t r i c a l  surface force density acting i n  shear at the in te r face ,  as 

i l l u s t r a t e d .  I n  the  section A-B of the in te r face ,  the e l e c t r i c a l  shear tends 

t o  pump the l i q u i d  toward t h e  or igin x = 0 j u s t  over the  edges of the elec- 

Although only s l igh t ly  

trodes e The resul t ing ce l lu l a r  convection, with streamlines as shown i s  

t h e  motion studied by Smith and Melcher (1967) and i f  "wrapped around on 

i tself" ,  i s  similar t o  Taylor's ce l lu l a r  convection within a drop (1966). 

Our point here i s  t h a t  the  configuration of charge and f i e l d  at the 

interface is  potent ia l ly  unstable and i n  f a c t  characterizes electrohydro- 

dynamic pumping configurations not only at in te r faces ,  but a lso  i n  the bulk 

of l iquids ,  The configuration of surface charge and e l e c t r i c  f i e l d  in tens i ty  

at the in te r face  i s  essent ia l ly  t h a t  of Fig.  1. The ce l lu l a r  motion i n  the  

x-z plane i s  often d i f f i c u l t  t o  observe; ra ther ,  c e l l s  are observed t o  form 

i n  t he  x-y plane of the in te r face ,  as sketched i n  Fig. 2b. Note tha t  with the  

f l u i d  s ta t ionary ,  there  are no surface stresses i n  t h e  y direct ion,  such as 



- 5a - 
Fig.  2a) A l aye r  of s l i g h t l y  conducting l i q u i d  bounded from above by a i r  and 

from below by strip e lec t rodes  at  a l t e r n a t e  p o l a r i t i e s  e E l e c t r i c a l  shear 

s t r e s s e s  at the i n t e r f a c e  tend t o  pump the  f l u i d  i n  the c e l l u l a r  f l o w  

( a )  

p a t t e r n  shown. 

I 
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would g ive  rise t o  these  motions. 

b i l i t y  related t o  t h e  manner i n  which t h e  convection alters the  d is t r ibu-  

They are t h e  consequence of an ins ta -  

t i o n  of t h e  sur face  charge, and hence t h e  d i s t r i b u t i o n  of surface force 

density.  In  terms of t h e  sec t ion  of f l u i d  shown i n  Fig. 2c, an i n t e r f a c i a l  

motion i n  the  x d i rec t ion  leads t o  a r ed i s t r ibu t ion  of surface charge, hence 

a surface force  dens i ty  tha t  tends t o  encourage further t h e  surface motion. 

This  i s  t r u e  whether the motion i s  t o  t h e  r i g h t  o r  l e f t .  

A layer of l i q u i d  i n  the  region C-D of Fig. 2b is  subject  t o  a net  

surface force  ~ ( y )  ac t ing  i n  the x d i rec t ion  (pe r  u n i t  length i n  t h e  y 

d i r e c t i o n ) ,  which tends t o  make t h e  sec t ion  " t ip"  t o  one side o r  t he  other .  

The r e su l t i ng  motion i n  t h e  x d i rec t ion  i s  inh ib i t ed  by t h e  viscous stresses 

of t he  surrounding f l u i d  which flows i n  a d i rec t ion  of least res i s tance :  a 

f l o w  pa t te rn  with the  f l u i d  leaving t h e  in t e rac t ion  region C-D a t  one y 

loca t ion ,  and returning t o  t h a t  region flowing i n  t h e  opposite x d i rec t ion  

at another loca t ion  along t h e  y axis .  Cel ls  form which have waveler.gth 
t h a t  

A 

2r /k  

In  a t y p i c a l  experiment, c e l l u l a r  motions i n  t h e  plane of t he  in t e r f ace  

(Fig. 2b) can e a s i l y  dominate those i n  the  x-z plane (Fig. 2 a ) ,  even though 

the  la t ter  are  created by a simple pumping act ion while t h e  former r e s u l t  

from i n s t a b i l i t y .  

i n  t he  y d i r ec t ion ,  which assures the least impedance of the  motion. 
Y 

11. THE MODEL 

A. Outline 

There are th ree  a t t r i b u t e s  of the phenomenon t h a t  w e  wish t o  p red ic t ;  

t h e  flow pa t t e rn  ( i n  p a r t i c u l a r  t he  wavelength i n  the y d i r ec t ion ) ,  the 

voltage required f o r  incipience,  and t h e  ve loc i ty  of t h e  c e l l u l a r  motion. 

The coupling of f l u i d  and f i e l d  makes t h e  mathematical descr ipt ion 

nonlinear.  Thus, it i s  des i rab le  t o  proceed by separat ing t h e  e f f e c t s  of 



viscous retardat ion from the  electroconvective driving force. The f l u i d  

layer  is divided i n t o  "external flow regions" A-C and D-R i n  Fig. 2b, and 

an " interact ion region" C-D. 

v isual ized as being e s sen t i a l ly  free of surface shears and set i n  motion by 

a pressure rise across the interact ion region. Then, the e l e c t r i c a l  shear 

stress is  averaged over t he  x dimension of the  layer  and visual ized as con- 

centrated i n  the  interact ion region. Final ly ,  t he  regions are "married up" 

by requiring t h a t  the ve loc i t ies  and pressuse r i s e  be self-consistent i n  a 

steady flow condition. These three s teps  i n  the  analysis are outlined i n  

the following sections,  

I n  t he  external  flow regions, the f l u i d  is 

The separation of the layer i n t o  the three regions is  i n  ?art a con- 

ceptual convenience. Once the model has been formulated, it should be 

evident tha t  what we are actual ly  doinp; is separating the s t ab i l i z ing  and 

destabi l iz ing e f f ec t s ,  which need be only roughly iden t i f i ed  w i t h  the  regions 

of the f l u i d  layer.  

overlap. The d is t inc t ion  i s  made here only as a convenient way of separating 

the viscous and electrohydrodynamic e f f ec t s .  

B. External Flow 

In r ea l i t y ,  the  "interaction" and "external" flow regions 

In many cases of i n t e r e s t ,  the  f lu ids  are rather viscous, with induced 

ve loc i t ies  r e l a t ive ly  small. 

creep f l o v  approximations are ju s t i f i ed .  Ignoring i n e r t i a l  e f f ec t s  and taking 

advantage of the  fac t  t h a t  there i s  no steady-state charge i n  the b Q , t h e  

Navier-Stokes equation becomes 

Thus, a high Reynolds number i s  not l i k e l y ,  and 

vp = uV2V ( 4  1 

where p and 7 are the  f l u i d  pressure and veloci ty ,  and the e f f ec t s  of the  mass 

density,  p, are ignored. 
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The gravi ta t ional  force does not contribute t o  the  dynamics and is 

ignored. I n  addition, conservation of mass i s  w r i t t e n  

om;= 0 ( 5 )  

For convenience, the veloci ty  i s  constrained t o  be i n  the  x-y plane. Since 

the  surface i n  the  external  regions is free of shear s t r e s s ,  the  derivative 

of 

tom, ;must vanish at z = -b, 

expand the  f l u i d  veloci ty  and pressure as a Fourier series in  the z direc- 

t i on  while assuming a periodic dependence of wavelength 2r/k 

direction. 

with respect t o  z must vanish at z = 0. Assuming no s l i p  at the  bot- 

It i s  consistent w i t h  these conditions t o  

i n  the  y 
Y 

00 

nnz - v = 1 {Un(x)cos k yy + Vn(x)sin k T 1 cos --F& n=l Y X  Y Y Y  

P =  

It follows 

amplitudes must 

where 

Equations (8) - 

(odd) 

00 
nm 1 P,(x) COS k y COS- Y 2b 

n=l 
(odd) 

from the components of Eq. ( 4 )  and Eq. ( 5 )  t h a t  the  Fourier 

s a t i s f y  the ordinary d i f f e ren t i a l  equations 

-k P = p[D2- ai]Vn 
Y n  

D U n + k V  = 0 
Y n  

@: = ( n ~ / 2 b ) ~  + k' 
Y 

(10) combine t o  give 

I D 2 -  B2][U2- k2]U = 0 n Y n  
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= M[D2- B2]DU /k2 
'n n n Y  

V = - D Un/ky n 

In  the  following it is assumed t h a t  P, and k This is  con- 

venient because the  regions t o  the  r igh t  and le f t  i n  Fig. 2b are taken as 

unbounded i n  t h e  I- and -x direct ions respectively (L > 7  b) . 
solut ions t o  Eqs. (12) and (13) t o  t he  r igh t  ( r )  and le f t  ( 8 )  are then 

are posi t ive.  
Y 

Appropriate 

These solut ions are t o  be spl iced together at x = 0 where it is required 

tha t  t h e  veloci ty  be i n  t h e  x direction. From Eqs. (14 )  and (15 )  

r e 
Moreover, from conservation of mass, Un (x = 0 )  = Un (x = 0 ) ,  o r  from E q s .  

R A: - - An 

Thus, from Eqs. (16) 

A: 1.I 2 
Pr - Pn R = 2 [E] n 

Y 

and it follows tha t  t he  pressure jump at the  or ig in  i s  expressed as 
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"his jump i n  pressure i n  the neighborhood of the or igin (x = 0 )  is due t o  the 

shear stress at the interface.  The stress i n  turn depends on the  f l u i d  velo- 

c i t y  at the in te r face ,  which i s  designated as U cos kyy with Uo at present 

undetermined. Viscous shear stress transmits the  effect of the  e l e c t r i c a l  

surface shear stress i n t o  the bulk of the f l u i d ,  where the  velocity p ro f i l e  

var ies  from a m a x i m u m  at the  in te r face  t o  zero a t  z = -b. In  the  simple model 

developed here, t he  veloci ty  p ro f i l e  at  x = 0 w i l l  be taken as l i nea r  i n  z; 

0 

Z Uo(l -t b) COS k y 
Y 

It follows from Eqs. (61, (15) and (17) t h a t  

Thus .) from Eqs (20) and (22), t h e  t o t a l  force Der uni t  length ( i n  the y dir-  

ect ion)  on the interact ion region due t o  the external  flow i s  
0 

P 

R J (pr- p ) I  dz= 8p U ~ F  cos k YY 
-b x=o 

(odd) 
For a given pressure jumn, Eq. (23) shows t ha t  the  veloci ty  i s  m a x i m u m  

fo r  that  wavelength i n  the y direct ion which minimizes F. The dependence of 

F on bk i s  shown i n  Fig. 3. Because the  interact ion region i s  modeled with 

the  per iodici ty  i n  the  y direct ion included only quasi-one-dimensionally, t he  

function F r e f l e c t s  the t o t a l  dependence of the f l a w  on the  transverse wave- 

length, 2n/ky. 

d i  a t e ly  predi et  ed. 

Y 

Thus the wavenumber of the  impending i n s t a b i l i t y  can be imme- 
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1 .  

.2 

Fig. 3 Dependence of summation defined by Eq. (23) on bky. 



- 11 - 

k = 1.15/b 
Y 

A t  t h i s  c r i t i c a l  wavenumber, F = 0.592. 

C. Electrohydrodynamic Coupling 

In  the  interact ion region, t he  veloci ty  i s  i n  the x direction. For 

now, the  i n t e r f a c i a l  veloci ty  is considered independent of y, but neverthe- 

less w i l l  later be expressed as a function of y having the same harmonic 

dependence on t h a t  coordinate as the other variables.  The basic  simplifi-  

cation of t he  electrohydrodynamics resul t ing from separating the  flow i n t o  

the three regions comes from the  representation of the  veloci ty  as being 

uniform over the  interact ion region. The poten t ia l  d i s t r ibu t ion  imposed by 

the electrodes i s  t o  be expanded over the basic  period 2L. However, i n t e re s t  

w i l l  be confined t o  cases where b <<L. 

The poten t ia l  throuehout the  f l u i d  and region above i s  expanded i n  

series of t he  form 

l'he appropriate solutions t o  Laplace's equation having t h i s  form are 

(Pb = F sinh a z + C cosh a z 
P P P P P 

where (a )  and (b)  denote the regions above and below the in te r face  respec- 

t i v e l y ,  and a = pw/L. The constants i n  these last two equations have been 

chosen t o  m a k e  the  poten t ia l  continuous at the  interface.  

conditions on F 

and -V/2 f o r  0 < x < L. In terms of the  Fourier series 

P 
The first of two 

and C 
P P 

i s  tha t  the  poten t ia l  at z = -b i s  V / 2  f o r  -L < x < 0 
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The second condition is  t h a t  charge be conserved at the  interface.  

It follows t h a t  C and F are given by 
P P 

The net surface force per  uni t  length i n  the  y direct ion i s  the  in t eg ra l  of 

the  surface charge density multiplied by Ex, 

L 

+W 

* 
where C i s  t h e  complex conjugate of C . Using Eq.. ( 3 0 ) ,  Eq. (31) becomes 

P P 

It i s  at t h i s  point i n  the derivation t h a t  the harmonic dependence on y i s  

taken i n t o  account i n  a quasi-one-dimensional manner. It is assumed t h a t  
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the dependence of ' ton y, brought about because the  surface veloci ty  i s  i n  

fac t  a function of y,  i s  slow enough t h a t  it can be accounted f o r  by Eq. (32) 

evaluated with U -+ U cos kf. 

veloci ty  t h a t  appears i n  the  denominator of' Eq. (32) ,  Uo i s  retained i n  the 

denominator without subs t i tu t ing  a y dependence. 

Eq. (32) can be wri t ten as 

Even more, because it i s  the  square of the  
0 0 

With these approximations , 

16 &E 
( 3 3 )  

where 

and Re = EUo/crb. The dependence of G on b / L  with Re = 0 i s  shown i n  Fig. 4. 

Note t h a t  i n  the l i m i t  Re = 0 ,  G does not depend on E . / E ~  and i n  pa r t i cu la r ,  

as b / L  -t 0 ,  G -+ 1.08. 

D. Self-consistent Flow 

The force per un i t  length given by Eq. (33) is  now used t o  account f o r  

the  pressure jump at the or igin,  as depicted i n  Fig. 2c, w i t h  the  coupling 

between f i e l d  and f l u i d  represented i n  an average way by 

0 

\(& p.e)j dz = 
x=o -b 

Note t h a t ,  because the  pressure jump 

T (35)  

i s  evaluated at x = 0 ,  the viscous losses 

within the  interact ion region are lumped w i t h  those from the external  flows. 

Equation (23) i s  now used t o  express the left-hand s ide of Eq. (35) and T 

i s  given by Eq. (33).The resul t ing expression requires t h a t  the pressure jump 

generated by the i n t e r f a c i a l  motion be balanced by the pressure drop due t o  

viscous s t resses  i n  the external  flow. 
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Fig. 4 Dependence of G on b/L with Re = 0. 

Eq. (33). 

The de f in i t i on  of G is given by 

I 
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16 E E ~  
@J uoF cos kyy = - r ( E )  2n (3 GUocos k Y' y 

For a self-consistent flow, U 

and Eq. ( 3 6 )  then takes the norma,lized form 

cos kyy can be canceled from t h i s  expression 
0 

where the  e l e c t r i c  Hartmann number H = ( V / b ) \ / E E o 7 F I o - .  Remember  t ha t  F e 
is  a function of the wavelength 2m/k 

Y 

i s  ra i sed  (He increased) u n t i l  there  i s  a value of k 

sa t i s f i ed .  

(Fig. 3 ) .  In  an experiment, the voltage 

such t h a t  Eq. (37) i s  
9 

Thus, condition (37)  is  first s a t i s f i e d  where F has i t s  least 

value of 0.592 and t he  wavenwnber k i s  as given by Eq. (24). Y 
I n s t a b i l i t y  i s  incipient  w i t h  Re = 0, and hence the  condition f o r  inci-  

pience follows from Eq. (37) as 

1 - 
He = 3.42/G2 (E , 5 , 0) (38) 

with G given by Fig. 4. For example, i n  the l i m i t  b /L  -+ 0 ,  the  c r i t i c a l  

condition is He = 3.28. 

The surface veloci ty  i s  included i n  t h e  denominator of Eq. (32), i .e. ,  

the  dependence of G on R e ,  so  t h a t  Eq. (37) can a l s o  be used t o  approximate 

the steady c e l l  veloci ty  es tabl ished once He exceeds the  value given by Eq. 

(38). 

applied voltage He, can be found from Eq. (37). 

i s  summarized i n  Fig. 5. 

b i l i t y  i s  incipient  at the value given by t h i s  p lo t  with Re = 0. 

increase i n  He r e su l t s  i n  a steady rate of convection given i n  normalized 

form by Re. 

the convection takes place,  while the e l e c t r i c  Hartmann number He determines 

i t s  incipience. 

The normalized peak surface veloci ty  is Re which, given the  normalized 

This dependence of Re on He 

A s  the  e l e c t r i c  Hartmann number He i s  raised,  ins ta -  

A fur ther  

Thus, the  e l e c t r i c  Reynolds number Re determines the rate at which 



Fig. 5 The e l e c t r i c  Reynolds number Re is  the normalized peak c e l l  veloci ty ,  

while the e l e c t r i c  H a r t m a n n  number He is  the normalized applied voltage. 

Thus, there is a threshold i n  voltage at which the convection sets i n ,  

and the p lo t  shows how the  c e l l  velocity then increases with voltage. 

The case b/L = 0.02 is very nearly the same as b/L + 0 .  
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111. EXPERDIEXT 

A. Arrangement and Observation 

The form of electroconvective i n s t a b i l i t y  described i n  the  previous 

sections i s  remarkably simple t o  demonstrate. A p a i r  of planar metallic 

electrodes i s  placed s ide by side i n  the  bottom of an insulat ing container 

w i t h  a spacing, s ,  of 2 mm. between the  abutting edges (Figs. 2b and 2c).  

Then, t h e  electrodes are leveled and covered by a layer  of corn o i l  t o  a 

depth b t h a t  i s  varied between 2 and 20 mm. In  the  experiments described 

here,  t h e  container has x and y dimensions of 19 and 15 cm respectively,  

although these dimensions are not c r i t i c a l  so long as the  relative c e l l  

wavelengths are s m a l l .  

The motion i s  observed by introducing small a i r  bubbles onto t h e  in te r -  

face. Although such bubbles can have a d ras t i c  influence on the  motions of 

highly insula%ing f lu ids ,  they remain a passive means of  flow visual izat ion 

i n  the corn o i l .  

A s  a poten t ia l  difference between the  electrodes i s  increased, a thres-  

hold i s  reached at which ce l lu l a r  convection occurs i n  the  plane of t he  

interface.  Typical c e l l s  are shown i n  Figs. 6a and 6b, where t i m e  exposure 

of the  bubble motions r e su l t  i n  a record of t he  streamlines. The two photo- 

graphs include t h e  same area of in te r face ,  hence i l l u s t r a t e  the increase i n  

c e l l  wavelength t h a t  accompanies increasing the depth. 

The streamlines predicted by the theo re t i ca l  model are shown i n  Fig. 

6c, scaled fo r  comparison t o  Fig. 6b. 

is  observed t o  be i n  the x-y plane, jus t i fy ing  Eq. (6). 

Viewed from the s ide ,  the  bulk motion 

B. Wavelength and Voltage f o r  Onset of I n s t a b i l i t y  

The wavelength of t he  incipient  i n s t a b i l i t y ,  A = Zr/ky, is  twice the  

distance between the c e l l  centers shown i n  Fig. 6. Thus, it i s  a s t ra ight -  

forward matter t o  take the  data  of Fig. 7 from photographs. The so l id  curve 
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Fig, 6 Cellular convection result ing from electroconvective in s t ab i l i t y ,  as 

seen looking down at the interface (looking i n  the -z direction i n  Fig. 2b). 

a & b )  Time exposure photographs i n  which streamlines are made v is ib le  by 

entraining small bubbles on the l iqu id  interface,  Depths b are 3mm and 

7 mm respectively, and voltages are 3.35 and 4.8 kv, 

of wavelength with depth, as predicted by Eq, (24). 

the same scale i n  both cases. 

vibration of the apparatus to give a measure of the f lu id  velocity; 

longer wavelengths indicate higher velocity. 

Mote lengthening 

Photographs are t o  

Streaks i n  (b)  are modulated by a forced 
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of Fig. 7 i s  predicted by Eq. (241, while the dashed curve would be pre- 

dicted by Eq. (24) i f  1.15 3 1.7 (y* -t y i n  Fig. 3 ) .  

tween the  theo re t i ca l  and observed wavelengths i s  not unreasonable i f  it i s  

recognized tha t  t he  mode select ion involves the  minimization of a slowly 

varying function (Fig. 3). 

This difference be- 

There i s  only a 10% difference between the values 

of F corresponding t o  the two curves of Fig, 7. 

The measured voltage f o r  onset of ce l lu l a r  convection is  presented i n  

Fig. 8, together with the  prediction of Eq. (38) i n  the  l i m i t  b/L + 0 ,  

t he  agreement between prediction and experiment i s  b e t t e r  than would be 

expected, i n  view of apnroximations inherent t o  the model. 

Here 

C. Cell Velocity 

Streak photographs, taken f o r  the f u l l y  developed c e l l s ,  provide the 

measurements of peak c e l l  veloci ty  U as a function of voltage,  V, shown i n  

Pig. 9. U s e  of t he  physical parameters of Fig. 8, together with b = 0.7 cm, 

gives the  d i rec t  correspondence between Uo and Re, and between V and H sum- 

marized by the  a l te rna t ive  ordinates and abscissas of the  figure.  The s o l i d  

curve i s  predicted by Eq. ( 3 7 )  i n  the l i m i t  b/L -+ 0 (see Fig. 5 ) .  

0 

e 

Here again, t h e  agreement between the  approximate model and the  obser- 

vations i s  closer than might be expected, The ordinary Reynolds number 

Uobp/p i s  about 5 as U reaches 4 cm/sec. Thus, t he  discrepancy between 

prediction and observation f o r  ve loc i t ies  grea te r  than 5 cm/sec. i s  probably 

due t o  i n e r t i a l  e f f e c t s ,  which are ignored i n  the model. 

0 
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Fig. 7 Wavelength = 2n/k of inc ip ien t  i n s t a b i l i t y  as a function of t he  

Y 
l i qu id  depth, b. The s o l i d  curve i s  predicted by Eq. (24)  while t he  

points represent experimental observations. The dotted l i n e  i l l u s t r a t e s  

the  prediction t h a t  would be obtained by using a value of y correspond- 

ing t o  a value of F only 7% grea te r  than the  minimum value (see Fig. 3). 
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Fig. 8 Voltage f o r  onset of i n s t a b i l i t y  as a function of f l u i d  depth. The 

s o l i d  l i n e  i s  predicted by He = 

used with 1.1 = 5.46 X 

3.28. In  t h e  experiment, corn o i l  i s  

kg(ms)-', (3 = 2.2 X l O ~ " ( o h m - m ) ~ '  E = 3.1 Eo. 
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Fig. 9 Peak c e l l  veloci ty  Uo as a function of the  aDplied voltage. The depth 

The theore t ica l  b = 7 mm and f l u i d  parameters are as given i n  Fig. 8. 

curve shown follows from tne  r e su l t s  of Fig. 5 with b / L  + 0 ,  and the  

re la t ions  Uo = ob Re/&,  V = H . With Uo = 4 cm/sec., t h e  

ordinary l iepolds  number based on the depth i s  about 5. 
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IV. CONCLUDING REMARKS 

This case study gives quant i ta t ive insight  t o  a class  of i n s t a b i l i -  

t i es  characterized by incipience at a c r i t i c a l  e l e c t r i c  Hartmann number 

(Eq. 3 ) and ensuing steady convection at a rate proportional t o  an e l e c t r i c  

Reynolds number (Eq. 2 ) .  The case recommends i tself  as the  basis f o r  under- 

standing related phenomena, because it can be eas i ly  reproduced i n  the  lab- 

oratory,  and meaningfully represented by a r e l a t ive ly  simple model. 

There are three types of electrohydrodpamic interact ions t h a t  appear 

related t o  the  case described. The most obvious of these occurs i n  a 

d ivers i ty  of s i tua t ions  i n  which liq-uid-liquid or  liquid-gas interfaces  are 

stressed by an e l e c t r i c  f ie ld  (Taylor 1966, Smith & Melcher 1967). 

pumping motion resu l t ing  from shear s t resses  a t  t h e  interface may be domi- 

nated by a form of i n s t a b i l i t y  analogous t o  tha t  discussed here. A recent 

review has focused at tent ion on t h i s  type of interact ion (Melcher & Taylor 

1969) t o  provide an overview of physical s i tua t ions  i n  which surface shear 

pumping and e l e  c t  r o conve c t ive in s  t ab i 1 it y have been investigated . 
i n  t h i s  review i s  an a l te rna t ive  model ( Jo l ly  1968) for  the  i n s t a b i l i t y  

described here; a model more appropriate for t he  experiments i n  which b is  

comparable t o  L. 

The 

In elude d 

Certain bulk i n s t a b i l i t i e s  found as a miform ion current i s  Fassed 

through a highly insulat ing i n i t i a l l y  s t a t i c  layer  of l iqu id  a l so  appear 

t o  have t h i s  electroconvective nature,  with a c r i t i c a l  e l e c t r i c  Hartmann 

number f o r  incipience (Schneider & Watson 1969). The convection resul t ing 

from t h i s  c l a s s  of i n s t a b i l i t i e s  may be re la ted  t o  e lec t roopt ica l  l i qu id  

c rys t a l  e f fec ts  currently being investigated f o r  image-processing purposes 

(Heilmeier , e t  a1 1968), and i s  cer ta in ly  related t o  high-field conduction 

processes through insulat ing l iquids  (Watson & Schneider 1967)(~ewis  & 

Secker 1967). 
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A t h i r d  type of i n s t a b i l i t y  occurs i n  conjunction with an equilibrium 

flow; i n  pumps with ions flowing i n  the  direct ion of equilibrium convec- 

t i o n  (Stuetzer 1959) o r  i n  channels with a transverse ion current (Jorgensen 

1968). 

equilibrium convection and characterized by the  ordinary Reynolds number are 

Although the  veloci ty  p ro f i l e  and other par t icu lars  brought i n  by t h e  

cer ta in ly  involved (Lin 19551, many electrohydrodynamic 

appear t o  have an electroconvective nature also. 
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